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Introduction to Theory of Operator Algebras with Applications to Mathematics and Physics
Nikolay M. Nikolov
Lecture 6

VOH /l/eumann Az'gtebms [/’Aufpu K ¢0M—”0M_Hﬂ”>

J. Cowmm kdAnt <.

Led H be a Hildort space and (/3(0}() be the Cfa[gebm of all bounded
opem{ors on H . For o subset 579%(%):

S" = {AeP(#)| [A0]=AB-BA=0(#BeS)]

Then §7is o wnital Banach subalygebra of P(#) /Wﬁg 7).
Ifs s %-invariant 1L Aé,SY =D A*e § then S a Cfa/jebrq /Wﬁg 7).
Additionad properties: Seg D 6:2’ c g ge 97,

)

e =gt §la gl e
H S'ls -invariant and & is the smallest Cfa/gebm containing S
then S''= €' indeed € = C[s).
Jed. Vou NVewman algebra 1 < B#) is a subalgebra of a form M = S
foc a w-imvariant subset S ¢ %(%) Then = MM = M”.
The cutre of the a@gebra is: Z(M) =MNMM -iisa

wmmuindtve von Nevumann aZgl—bm.

The von Neamann af%ebm s adled fachr Hf 2(M) :CE’_.l_.
; C'—‘s«ba(%bra Q< BH) is called nondegenerate if OH =% .
i pa\rt'\o(/\b\r) L is unital then € is nom(egemera-te.

Léf a bz o wa}m[%ékm of’PJ("W)) Pﬁe fn/e ori/mgarm[ pra/'ecf/'om Oh W
then PA=A ¥hed . = (AP =) (vAeQ), e
PA=AP=A (I-P)A= A(1-P)=0 (VAcq) This A[Q%) < a¥,
Aloge =0 (¥40) ard Q|gz = 14|75 [heal < (aw)
is nomdegemera‘fe and (J = &’@Tﬂ @ 0.

Also . (OM)-={ueH|Au=0vheal
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Lemma 61 let S < P#H) be a %-invariant subset (Aéé’ =D A%e S>)V§?7
be o closed vector subspace and P be ¢he orthogonal projection on V. Then
Vis §-invariant (e, Yhes: AV)eV) Hf («=) PES”.
Hint. SYow 74’!’51‘ that It g énau/é o prove the /ZMMQ ﬂr‘ S= {A,A“})
where AEB@) is arbitrary. Then the part "s=" is 2rivial.
The part =" qcp{[dh/! Fom AP = PAP YAES  which implies /v Inrn

PA=PAP (vA4ES) ~why1 L

2. Reminder from 'fvpaéogg: tonvergena and closure

A CoW\h/le(/nl qCV\" mo'f’im{'[m:

In N the dosure E ot a set ¢ R can be obtained bg 'ﬁak!ng all
limite 0+ OOV\VQFSLV\'\' S@QMZMU_S Zgiwg (N S Fér a geneme HNASO{'M‘«F{

v /fﬂa\cal space this is no /onger true sina the Structure of the gstem of
nzlﬁkbourkoo&s o o point the <o called beal bases | can be much wore
oow\q)th-eA. In 6@!/\@(‘&@) such local bhasec have the charcteristic
feature o} bain% direcded seds [a notlon we shall remind betow ).
For this reason 1 twms ot that the necessary and wfficient generalization
ot the wotion of towvergent segmencs | which is needed to produce the
thsuree s e notion of o wnvzrgemt net that s a “segnence” abelsd
bg a direcled ¢et.

% A dicected <ot (kacortno muogecsbo) s a poset (M)f> 5.t.
Wh=1,2,... ‘v’,wl,.-.,/«ké M JveM: AV, ARV

A het (mhgmgtwhud (n a ‘éopoolv?lcag f/mce X IS a %amilg
{2pduey € K labeled with a dicected ced M.

The net s called wwvergemL H FxeX ¢t (for Jv’nz,'g}\}mw/wac/
ol x ApeM et x, €U for Yrip.

In a Hansderf space the bt of a net is unigue provided +hat
the net s anvergent
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s Thaorew 6.4 let S €X . X be a (Hausdorff) dopological space . Than
?r ={x€_X l 9{1,47,4(_;” c S e X, X .

net

Qkebeh of the proot. The luss trivial part is the inclusion "S". Then foc
Yre S the £45TeM M“== {u [ Wis a neihgbourhood of 2§ is a directed cot

and MﬂS#Qf VMéMx.T/um X, X where xqé(,mS. O

3. Operator topologies

We define thece %amlﬁgies in terms of tonvergence :
A Mni{arW\I/J tonvergent net:

Ay = A & J4,-Al—0

- ﬁrohgeg convergent net:

Az‘s_" A = Yve?#:. A,v — Ao (/.e. lIAQv—AuH — 0>
I weaUa convergent et

Ay A = Yuyved: u,Apvo — lu, AvD

This a general situation in locally convex ﬁ/yp&/m( vectrr Spans W:
there 1¢ a famié {{9'.: W — fﬂlw)}d-ej of sewminglms and a net
fw?—j < W wmyerfe_c w weW ff V',e:{ p/- (W?—W> — 0.

For the uniforw operator %pa(am we have one on% norw | le it i
Bmmcﬁ spaa 74>r 'H.e S'fr-png apemﬁr 'fa/vo/ogqq 'Hz S/yvzem 07’ Seminorms
s Ah=lAvl ), o and for the weak fopotogy : {ho Ku,Avd Juverr,
The §'trahg ‘[éor)olﬂ% On //5(%) K ;{Mrﬁad bé’ a bﬁflf 075
v\ziﬂhbomrkoads CA -(C c ’]3(7/)( [Cuollcs,  x= (..}
&V" ¥ V\=f,1,---, Uhl)"';vnenw) £y 8a 20
TAL WU\/’- 'for)a/ﬂgg On 75(7{) S }!Mrﬁed bg a bﬁflf 075
nzigkbamrko&ds . {C e B#)| [ u, ,CuDl< 8, ket ]

&VF ‘V I/\={,1;---; M“--.)MMU'“...)V,, €Jh) 2';"'72“ 20
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Pro;oosl'f;am 6.5 (a) A, ﬂ,q = A7 A Ao h 2 A4
S ¢ %(%> if 5’ S /5' stand For ’HLZ closy res in 'L//u W:fprw.)
Sirang and weak m‘opoéﬂres Fespecr‘lve!é,) then: S € S eg”
() I A, = 4 8673(7/) Yhen
A, B 4B BA, = BA, [A,B) [A6]
() I A 774 BER(H) then
AB o AR, BA, > BA, [A, B} [A8]
Prodk. () Since - 1A, =All > 1017 1A, o= Aol
[ A v = Aol i [Cu, Ay>-<u, Aod)
Then the incdusions 39 ?S < _§w7‘ol€ow frm Profasiz‘;an G
(b) Azi‘sv = AZ(Bv) Abv llﬁa/’r - DAl s IR \\A v-Avl —o

) Cu,h B> — u, A(Br)) | Cy, BA ey = (B, A, ud = BY, A
‘<l4 BAG [0

% G’—chran% AZ " A> and G- waak (AZ P A> "vpa&g»esl
by A o TUAsIT — ZlAu )
for VD e W se T vt < oo

b A & T <ughud — 3 <u Ao
J °w =1 K= ) “

R R R T I T AR TR
K= K=
TAZ corr‘espono(]h% Snsfew\s o{semmrms are:
AHZI\A%“l o dl AHE‘(MK,AVK) ,respecﬂver%.

Note $hat the above eyctome o} Seminorms are directed (recall, o directed
system Wmd of seminorms 1S s ¥ j,€33jeT: Pi<P PJ<PJL>'

Hev\a)%ke bases ok neighbwrkoods o] AQ%(WB are :

{w C\-S‘\'rom% 4‘0@0&4%\3 A+ {CQ%(W) ’ 2 I\AUL “1 <2]
W & -wenk vlvpo%m A + IlCC 75( )| % l(Mk,A(f)“ij
'J(OY' {V- ]k; {Vk.}:j;g W Z HU " <°o/ Z ”VL" <

K=
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w01t fomark, Mote that drom every system {p;). of sewminorms we cin ophin
e 4 J P,l j€d
o directed sgsff'éw’ b% “fmkin@ all possible finite sums Pt Py, -
The resu i1 fom { pt-rt Py ] v induces the sawme topoto
V\g Sgs m PI' Pln hew, J.“...//nel (hom LS ame }0 ﬂj
The the (po\ssa%zs S*fromg - G’—s-/-ramg and  weal —b o -Wealk correspond
0 P”‘SS\‘“& Yo suifably infinite sums /§/ Pi. -

The v‘a/low?ng construction relates the strong with G—sfr?mj and weak with
~-weak {opoZogies:

[e-/; @:é‘%"% - 1he Hifber‘f Space af aa .feqwnces 1% -.:{()kj::' = ‘7/
s 1, “_U'[Il:: k% l(uz”l<oo_ TZZ sca/ar Pf‘oo‘uc‘vt IS <_‘4)f> = lcf <“k,‘fk>.

=
Lheck as an exercise that %is Indeed o Hilbert space .
$€<ﬁnes N ﬂ(%)_b %(%) b(at W(A){Uk}::/:: {AUK);:, :
Thie s cémr&% an injectlve morphisn of wuital *—m[ae/ms

Lewma 6.4. () For a net {AZH c D) -
Az;"l\ g= 0(A) k) 5 kA 9= ) 0fh)

2 oW
() ¥ S B#): afs") =a(s)

M (a) i dTo\\aH{orwmd Frow definitions.
~\

(b) led ka% — 57\ - 1he emkedﬂimg on the L4 Gopg 07L HinH
Then U, W —H - projection on the k-th copy .

L) Cen(BM) < B@) &= [C, VU] =0 ¥k

=0) obvisus—check! =) Sinee VFU, = 0 Ar ktl, U U= ly then

[C, U 0=0 e BV U =0/ C =0 Urly-ysCy,

Set €= U;E U, (indepandent in ). b= U U, = orthogona projections ou 7
that form a partition of unity. Check then that Pk(a-w[C))e =0 k(. D @=m(C).

1) By ) U U € a8 = 7(&) e {uy|x el By ) = w/&)”éw//?/?/)).
Bt o BA) Lo (B). = 0(8") =2 (S)" (why?) . D
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e 4 Bioommutant theorem 4 vou Neu mann

M L% &QB(?D be 0 VlOMA?geMZI‘o('Ile *'Suba%dbm, 7%214:

éw *GJS'

&,”:@W:@S:Q "Q

ro0f. B, Proposition 6.5 and Thioren 6.2+ 02 @" = 7°
Ul Ul

—eW_ —g's

3 A 2 Q. It remains to
prove the inclusion 072 0 We split this in several steps:

)Yved.ve Qv

Indeed : let P be he orm‘/w?amf pra/ecﬁm on A and et +'= P
2(E P)(féa v e Av is A-invariant Yew PE Q' Then YAE (),
AU”’A( v=Ar-Phvy =0, /Qha Yue A-H - u= AWﬁrﬂé& we #
and <u, ') =LAw, > =<w, Ardsp Swe @Y =¥ mls nau/egxhemfe>
+hen U (/ Plv=0. (chaa also 06-{%67/ QM’Oj QW“L~0>

1) VoeeH: duv=0q"v.

Indeed : the inclaston "€" is obvious . Lt P = the or‘f/wymz ﬁfﬂj!&/ﬂh

and PE Q' asin 1). Thew Pe(@")' = 0. By lewma 64 A"(Q-v)

But vel v v.= v = dv.

3) let Cear. By lomma 6.4 7(a") = 7(0)" M&“) 7(0)°). B, 2):
0?,) o =T 66) 1% (Vucﬁ) Then Ve>0 +/v*€77 JAC T st

|7(c) v - T(A) vll<g. = Vbasic Mzaﬁébow%m/ of C in the

——e’'s

€’—§7‘fMj v’v/aalo% ntersectc QL. = CE 6& ) it a's a0

)

on Q-
<

a v .

5 The operator order in von Mewmann afgrebms.

50\) Positive eloments in Cfal’gebras
\A/@ Ae{\med v loct. ) 4he positive elment in g Cta[%bm v4 /;:

G20 &b as= e tot ole, Prosome o, e,

LME_M_ IV\ G (MV\Hf\a Cx—ﬁ[ggbm (;4:

420 @=> Jeced ) "=c, ct=a.



il Frood  Enowgh 4 prove +hat Vo b€d Iced | c e mid:

7 2ot b*b = ¢ Yero0, bg Gelfand's theorem - b ellnd 4
« \T aga.’n nd m,
3 (et ean) e s henitian. Lt 0T

._..D A
pj P

¢ 110+ b"[) = (Z.4+o\“o\>_z(i+ (5-11‘01"5\5(/1 be (E.(f‘arG)%‘) (EH a*4>_!‘/1

D ¢ltaatbh-= oy o CZ=A2<Z.l+a”a)_Z_
Bg the Gelfand theorewm we find ¢, — lermltian sit. GC = CEZ.
Thus C;: g1t a"a%b"[;) bu+t Cch— ;= €-¢,) 1

2l

D lee-co = ||((emad 1+ et )" e | < 72, —— 0

£HEJ._00
Slnee  su (£+x* - = (& <« ).
( Xé[o,,i)/éﬂ X> E \F> ﬂus)_jc:g/:;cé and
c=c*  Ct=lwm ¢S =atatbh . [
) € 20

56) Pa:/ﬁn/e df;efﬂﬁf'f.

T a Hilbheort space Y we have gu alternadive notion a//ym/r‘iwr?:
/4673(7/) S a f&SHIVa afoemﬁ/‘ <D Jf/U'E% : <())A(/“> 2 0 .
In fﬁrﬁw (ﬂ\r) £= A (wh%?>, Ve shall prove below Hat
ceP@) (*=C, ct=hA.

Det. Irdrodma an oder in @) A2B ioff A-B is a positive
operidrr, €. \/ U'é% '- <()',A(f) 2 v, Buv>. It Bis also positive
than it pllowe [A] > 1B since Yoe# v Bo) $'<U/Au)g | Al H()“Z

Theorem 6.5 Lek szqem < B#) be a net of postive dperators,

which is downward directed | ie. p2y' = Ay < .. They
(hacozena Hagony) .

3/}675(77) stiYoed ((r,Ao‘) =2ién;°1 <U")A,L{)'). MO(eover) Az?

In po\ri'\méarl Vo((l,creo\r',y\(a Seqnence A|>’ AAZ--' of positivz 0pcrmLur$ has au infimmm.

UDFUO’S'. Let A22 AZ’ Then <M,<AZ—A2,>U) s a posl'five Herm i Hian
foru on H . B%U\e &M&hg-&hwari imequalh‘g: (<W,(A7"Azr) 0'>]L
< Cu, (8, A O (A Ay) v < A=Ayl 1ul=Cos (A, 4,,) v
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§eHiwg w=(hy=Ay v (A=A v 15 < LA AL <V, (Ay=Ay ) 0> Blso
then A2 By > (A2 DAyl Then 3 bon 1A, 1= e IA T Sine
v B, 0> is downward directed sequenct =D 3 (/zm <V)A2w) - ;g% <0,A20~),
> Yoe? b hyv = Ar Sne [Av] - lé‘m [A,ull< L 4, 01w
“(nt 1A D)1l dhen RED(H) . Thus, Ay A= A, w2 4,

e. KU AvD = (/ZM % AZ V2 = i;f(u, A? vy . O

Corow\r% 6.6 Ewrg net {Avj 973(% of Hermitian operators | which is
o(oWMwaro//quara( directed and bounded ¢ geéow/mbaue is sfrm%b&
aom/ergam" I %/?/>) e AZ — A , and

i\ajr o Ayo) = Ko Avd (PeSP-, ngtp <V,470>=<V,A“>>.

Theorem 63 Lot REBH) and Abe a positive operator . Then 3¢ €B(#)
st C=C C*=4. J{zna) his a positive eliment of fhe C’iaéelm B(#)
(Wote : the converse is drivial @ ¥ positive eliment of 4he C ’iaéclm

Bl#) is a positive o,oamz‘vr.)

Rood. de firct thet A< (AL Thew ceplaang 4 o IAI™A

we cov assume thet 0 A< | Gnsider the operator euation
X = —%(@;-{—Xl) with B=1-A - positive operator. Ts sobytion K
satisfes then ([-X)= A, s0 if X=X we can set C= [-X.
let us detine nductively; Xop = 5(B+X2) X, =0

gg induction in mt X, = p (B) where b, [4) isa pa{zmam/a/ wi'th
nonnegative cofficients . Since XM"“ X, = {—(XML— X, ) =

= f(XM+_>{M_,)(XM~XM) then X, =X, =9, (B) | where g ft) is
again a polynom 6l with nonnegative coefficients . But B" i o posltive operatar
Jv/n=0|/,2l_.. [whgw BQ induction in n=01 ... IX, 1) s 1 (aM{ 4?1'16&)
(-X, are positive operators): indeed  |X,] = 0, I8l =1l-All<l

[ X | Sé<”@(| 1 X L) thew X, || € smallest ot of {=f([]3(|+f’~))
which ie 4= L= [=181 <1 sinee i 4=0, e = £ (181 +47)
then 2, P20 and X, | < ta .
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7;{015) f{—xh}:\io s & sequena of positive operifors, which s downward
cflrécr‘ec/. =D [—XM - C oand Cl= A (wl'\\%?\). S|V\CL (- XV, W' ¢
ond X,:= Xn “hew C*:C (W’l%7) [

(’00%@58 In ¥ von Weumann afgebm mn < ’B(W)) and ¥ net {AZ] < m)
which is bounded from above and directed wpwards , bas a supremun,
su7 AZ e m.

5c) J,’vecr‘raf 0&00}4/)/06/"&[)0’1 in commutative Vou ey mann

[éé SQ 75(70 be a *-invariont swbsﬁ of anfwml%l commuz‘m@
operators . If Q@ is the C*-SMleg(zbm gznemh/ bg S then @ s
commutative and  S'= A Thew S"=@%= A and hence

S is 6 commutative (whg?) von Meumann algebra

In Mr%iwlnr> iWC Ac 73(%)/ A=A and 4ske S=Mj) theu

A=CIR) and S"= A= ¢ [A) T - dhis is e commutative
von Newmany afgebm &emem%ad }o% A We chall show now that it

sontains all the Sdoech-nz prodechlans Zi /. L
Recalt | by He Golfosed Hhaorem (Frop 4 19). €[R] 2 C (6,(A)).

IV\ ar’t cMKar ‘U\ls pr‘ol/m{és us Wl'“l a hotion 01[ a Continuous fwncﬁah
0& A ‘F(A) H ‘F € C(Gj A)B under the apove lsawmrp/; Sm

THe gpecémﬁ pronoﬂoms P for an interval 1< R would wrreSPOMd
t0 QCI(A) where 31 (t) is 'Hu tharactaristic dunction of ]+ /7‘

v tel ond X [t)=0 Gr 1€ AT Bml % [+) éE C(g’ (,4)) i genam@
so that P Mm But 0.6 €TA) = €AY sine Xy cam be

obfained a5 a smrmw\vtw ot & bouded lMGFM\slng sequence of Lowtinuous

-fun&vLIW.{ q[ :F 76 More genem% tvery Bore!l qtmmcvﬂom F(f)

[ie. o measurable ﬁunfv‘/ou wrd T Borel &-alpebrs o R) n be
approximated by infimums or supremams of smooth fynchioms.

/}W(H%L{! F(A) can be c&fiww/ gfw‘ F[z‘)
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ﬁgmm‘&, 771;’: is the ng /h W//J/) ené Caun ?Amtmag prove Dad
¥ commudadive von Meumann algthra ts = [*(X) - the a/7¢bm of

/A cssewﬂmd; boynded xﬁmm‘mu: on a spac with mesasure .

T':?r -Hw_ basic méasure —%wrg ! Rwl/u ) I?.zag ond éMﬁ&X 4—144 %:’f_(

CA@p.f /(ngom> 0Dewu,u u KomMnrlecey amw; ; ['/14{4 j ;

6. Further characteristic properties o} vou Veumann a/gebras

€a> A C*—aégebro\ A g isomorphic 4o a vou Veumann a/gebm o i
i tontained w the unlfrm lpsure of dhe aégebm %eumv‘ed bg
all %< projections (ie. M heft s 4. h=h aund h*=h).

Note 4hat gfvr‘ the vou Newraanu aégebm C[A]// & %[W) {or

A= AK we }MV!Z C[A]// = \g;aan "[ (DI \ PI - Specv"mz ’aro/'eovLIdhj

Sinle \/ mea s b e qC»\nchMh tan be MVIIOLDF'M% aMr‘am'mmLeée ﬁfg

SMV& QQW\(,v‘—\ovxs - th\hLz binear combingdiong o} Characderistic

functions

éb) A%MV\ g &’ unital C*—o\&éebra\ 6 = vou Mamann M@@bm

=0 @ % the dual space of a Banach space . d]d
\/\/K—a[?ebm g “

Thl. &\Her space (S MZ/ZO( ,szﬂl«a/ S'/Mce a% ﬂa/m/ /<

&MO'{'QO( b% 56*.

6c) Predunl of a Panach space X this is a Banach space
Y ‘fw}m‘%er with an isomeric isomorphism J':_X =y

Vite 4hat 4how dhere is a non degent Ge  pairing
XxY = C (z/&) — ﬂ(fk{y) = J(x)[%]  Which s
wondageverste Yz dy: Ay 0 EER DS
Tn Umrﬂwgar) 3%—1) 2(-,@ qives om ind'ec‘/ww : Yc_oXx
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Thus | ¥ preduad of X /:{ there is ﬂné{) Jos a canonicad
!m/éd//hg [n X

éo() Fvera vo Mewmann a,é,zf)m A fas 4 unlgue /p/‘e&lw,/ a,
in dK, TKZ anem' ﬁmoﬁ&m%/! be &,‘, < Qk e 0%%0/

normal linear panchonals.

?is normal &= s 6"—.{‘7‘1‘0!/1?67 continsous

=d P is G- weak contmuous 7= 4 (€ 75(7/> st
tr f{(*c>%> < o0
P() = 4r(ch) YAcQ

6e) BH), =1 ceBA)| 4r((c0)) < 0§
e O is twe dasc

st J)eZOW



g 0&( notes gpram L0

ko ¥ e Xw&pﬂ/ﬂ np-bo |

Bw) = A A U= U« A-wmeen, ospamueen ongpacop |
(orv guaen or nexyus { 73(9/) ¢ C-aneedpa.

B(#) e nepbudT vpumtp g4 amedpa xa Bon KHoiguan , kouso

Wt ﬂHFZ?/MM o - KeCHo .
@/g B(W) HMAMmE Oﬂébrl@w” éfg MM Ny /Cm/ékif/Mﬂl %//rm}aomw

-MaVpuenyre ereménom .

ﬂw("})!: e AvD | a tve o
%Km gﬁmwa”{q,?)wf Y ye 9’/}9 73[%)*

f
pomnnzicrn puntive oShubia Kpniinu Kommaekchy AMIKBENS KoM VKA tgay )

B eﬁlmrn Nocoks

3aSenedena : I 1\44) | = el vl .
P Iz o {10, (&) 141=1] -

< “ IRl ) o ¢ 05}”47‘/(4 NoCo ko,

= sup | \@),q\m\. lal=11s
g oo ol foo YO (ympaerenne )

Wzln/aw Len e 5%% 9o onu YLy §¢;M "{ Q, P‘Vé 9’/}

(gavlmwuﬂ € ¢ Tannxrbor n/mar,omofla ?(2/) ).
o- “KoKKPETRo 4t G0 KakLh | TL

W/mcr,m kerbore or onepagopy 6

S)ﬁo’l"'él{ g’[ﬂ y e Q’/j g A or 'b‘f("l'racz) - Knac .

J

(/wg W{n gt nalm.;éen ) ¢t v‘p(a’ﬁ nloooqan/mf/n e ujyfj?yﬂﬂﬂ Ho 73[)/)
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Keio 61/&?1/1 gn enm onépacepure 09”,’: <, D% re.
Opy M Opy (6) = <e,00¥ | ¥ ¥, 0cH.
PA gbugumrn o‘gmm(qr ! 010% = \‘P><V,. 722_4/4,
by (W)= To(0, 4) = Z <a, Qe

def gy

k&?mv {e,,jk e opTYropMMpAK S;[quc ¢ o /;n/oqqk/anu)_

Ohe'oawpwe OY,W Ca CnoyuareH €ARC punkeiasty onepacvp € H

—omepnwlow oT obmfz l Te e o%goﬁr AL i Mo n/%r/wmﬂ/o.

q(.@)(ﬂﬂfﬂ mu?lgurm ALY HA 05{2/151.’4

t -t o, O

'{dloi' ‘ﬂ,,%.t(

1%

e japara Wp-bo ke oneparopm 0T KpACH parr.

M_l! BC@K“ oneproop K or Kpaeh pan1 roge g ce Mfefcrﬂ(b
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